Abstract. This paper deals with the geometric local theta correspondence at the Iwahori level for dual reductive pairs of type II over a non Archimedean field F of characteristic p = 2 in the framework of the geometric Langlands program. First we construct and study the geometric version of the invariants of the Weil representation of the Iwahori-Hecke algebras. In the particular case of (GL1, GLm) we give a complete geometric description of the corresponding category. The second part of the paper deals with geometric local Langlands functoriality at the Iwahori level in a general setting. Given two reductive connected groups G, H over F and a morphismǦ × SL2 →Ȟ of Langlands dual groups, we construct a bimodule over the affine extended Hecke algebras of H and G that should realize the geometric local Arthur-Langlands functoriality at the Iwahori level. Then, we propose a conjecture describing the geometric local theta correspondence at the Iwahori level constructed in the first part in terms of this bimodule and we prove our conjecture for pairs (GL1, GLm).
Introduction
In this paper, our aim is to study the geometric local theta correspondence (also known as the geometric Howe correspondence) at the Iwahori level for dual reductive pairs of type II in the framework of the geometric Langlands program. We develop this work in two directions. The first path consists in geometrizing the classical Howe correspondence at the Iwahori level by means of perverse sheaves and understanding the underlying geometry. The second path consists in constructing a bimodule that should realize the geometric local Arthur-Langlands funtoriality at the Iwahori level and studying the relation between the bimodule realizing the geometric Howe correspondence and the one realizing the geometric local Arthur-Langlands funtoriality at the Iwahori level. Some of the constructions are done in all generality while some others are only established for dual reductive pairs of type II.
The basic notions of the Howe correspondence from the classical point of view have been presented in [35] . Let k = F q be a finite field of characteristic p different from 2 and let F = k((t)) and O = k [[t] ]. All representations are assumed smooth and will be defined over Q ℓ , where ℓ is a prime number different from p. Let (G, H) be a split dual reductive pair in some symplectic group Sp(W ) over k. Denote by (S, ω) the Weil (metaplectic) representation of the meteplectic group associated to Sp(W ), see [35] and [22] . We assume that the metaplectic cover admits a section over G(F ) and H(F ). Then, the Howe correspondence is a correspondence between some classes of representations of G(F ) and H(F ) by means of the restriction of the Weil representation to G(F ) × H(F ). This correspondence has been proved in odd characteristic for dual pairs of type I in [39] and for dual pairs of type II by Howe and Minguez [32] .
It is interesting to understand the geometry underlying the Howe correspondence and establish its analog in the geometric Langlands program. This has been initiated by V.Lafforgue and Lysenko in [23] , where the authors construct a geometric version of the Weil representation. The second author then studied the unramified case in [31] from global and local point of view for dual reductive pairs (Sp 2n , SO 2m ) and (GL m , GL n ). One of our motivations is to extend the results in [31] to the geometric setting of tamely ramified case (the Iwahori level).
It is known that the Howe correspondence realizes the Langlands functoriality in some special cases. In the classical setting the reader may refer to [18] , [22] , [32] , [36] , and in the geometric setting one can refer to [31] . Adams in [1] suggested conjectural relations between Howe correspondence and Langlands functoriality. LetǦ (resp.Ȟ) denotes the Langlands dual group of G (resp. of H) over Q ℓ . Under some assumptions, it is expected that there is a morphismǦ × SL 2 →Ȟ such that if π is a smooth irreducible representation of G(F ) appearing as a quotient of the Weil representation S and π ′ is the smooth irreducible representation of H(F ) which is the image of π under the Howe correspondence, then the Arthur packet of π ′ is the image of the Arthur packet of π under the above morphism. For more details we refer the reader to [3] , [22] , [34] , [36] .
Let us describe the basic setting of this paper. Let I G (resp. I H ) be a Iwahori subgroup of G(F ) (resp. H(F )). At the Iwahori level we are interested in the class of tamely ramified representations. A irreducible smooth representation of (π, V ) of G(F ) is called tamely ramified if the space of invariants under the Iwahori subgroup I G is non-zero. The category of tamely ramified representations is the full subcategory of smooth representations of finite length consisting of those representations whose all irreducible subquotients are tamely ramified. Denote by H I G the Iwahori Hecke algebra of G. According to [12, Theorem 4.10] there exists an equivalence of categories between the category of tamely ramified smooth representations of G(F ) and the category of finite-dimensional H I G -modules. By using this result, we are going to work with finite-dimensional H I G -modules instead of smooth tamely ramified representations of G(F ). Our strategy is to study the bimodule structure of the space of invariants S I G ×I H as a module over the tensor product H I G ⊗ H I H of Iwahori-Hecke algebras in a geometrical setting. In the sequel (except for §8, where we will consider any reductive connected group), we restrict ourselves to the case of dual reductive pairs of type II. More precisely, let L 0 = k n and U 0 = k m with n ≤ m and let G = GL(L 0 ) and H = GL(U 0 ). Denote by Π(F ) the space U 0 ⊗ L 0 (F ) and S(Π(F )) the Schwartz space of locally constant functions with compact support on Π(F ). This Schwartz space realizes the restriction of the Weil representation to G(F ) × H(F ), see [35] .
Let us explain in details the constructions as well as the main results of the geometrization of the Howe correspondence. Our first step is to define the geometric counterpoint of the space of invariants S(Π(F )) I G ×I H and the Hecke actions of H I G and H I H on this space. This is done in §3, where we define the category of I G × I H -equivariant perverse sheaves P I G ×I H (Π(F )) on the pro-ind scheme Π(F ) as well as the derived category D I G ×I H (Π(F )). The construction of these categories uses some limit procedure (this issue has been taken care of in [31, Appendix B] ). Moreover, we define two Hecke functors geometrizing the bimodule structure of S I G ×I H in §4; which define the action of the category D I G (Fl G ) of I G -equivariant ℓ-adic sheaves on the affine flag variety Fl G (the same for H) on D I G ×I H (Π(F )). These are the generalization to the Iwahori case of the Schwartz space and Hecke functors defined in [31] at the unramified level.
Next we study the action of the Hecke functors on D H(O)×I G (Π(F )) of H(O) × I G -equivariant perverse sheaves on Π(F ). This category is acted on by the category P H(O) (Gr H ) of H(O)-equivariant perverse sheaves on the affine Grassmannian Gr H and the category P I G (Fl G ). In §5, combining our computations and a result of [31] in the unramified case, we prove the following result:
Theorem A (Theorem 5.18). The Hecke functor
yields an isomorphism at the level Grothendieck groups between K(P I G (Gr G )) and K(P H(O)×I G (Π(F ))) commuting with the above actions of K(P H(O) (Gr H )) and K(P I G (Fl G )).
At the unramified level, this isomorphism is actually verified at level of categories themselves (see [31] ) and one would hope that the same would be true at the Iwahori level.
In §6, we present one of our key results on the simple objects of the category P I H ×I G (Π(F )). In Proposition 6.4, we describe these simple objects in the case n = m and then we establish the general case:
Theorem B (Theorem 6.6). Assume n ≤ m.
Any irreducible object of P I H ×I G (Π(F )) is of the form IC(Π w N,r ) for some w in X G × S n,m , where Π w N,r is the I H × I G -orbit indexed by w on Π(F ).
In §7 we restrict ourselves to the case of the dual pairs GL 1 and GL m for all m ≥ 1. In this setting, in a series of propositions, we are able to give a complete geometric description of the module structure of K(P I G ×I H (Π(F ))) under the action of the Hecke functors. More precisely we work with the category DP I G ×I H (Π(F )) which takes in consideration the action of the multiplicative group G m by cohomological shift −1. All our computations are at the level of perverse sheaves and the symmetry in this case comes from the action of the perverse sheaves in P I H (Fl H ) associated with the elements of length zero in the affine extended Weyl group of H. Theorem C (Theorem 7.9). Let n = 1 and m ≥ 1.
The bimodule K(DP I G ×I H (Π(F ))) is free of rank m over the representation ring ofǦ × G m with basis {IC 0 , . . . , IC m−1 } and the explicit action of H H is given by the following formulas:
For any i and k in Z :
Section 8 is devoted to a purely general construction on the geometric local Arthur-Lagnlands functoriality at the Iwahori level. Consider G and H two split reductive connected groups over k and a mapǦ × SL 2 →Ȟ of dual Langlands groups over Q ℓ . To this data we attach a bimodule K(X ) over the affine extended Hecke algebras H G and H H . We propose the following conjecture:
Conjecture D (Conjecture 8.7, [15] ). The bimodule over the affine extended Hecke algebras H G and H H realizing the local geometric Langlands functoriality at the Iwahori level for the map σ :Ǧ × G m −→Ȟ identifies with K(X ).
We also describe some additional properties of the bimodule K(X ) in §8.8. Let us explain some motivation for this conjecture, as well as the forthcoming Conjecture F. In [16] , the authors conjecture the existence of some category C G over the stack ofǦ-local systems over D * = Spec(k((t))) endowed with a "fiberwise" action of G(F ). Some conjectures about this category have been formulated in [16] . The construction of this category is more tractable at the 
, where the left hand side is the Grothendieck group of the category of I Ginvariants in the category C G,nilp and the right hand side is the Grothendieck group of the category of coherent sheaves on the stack NǦ/Ǧ. Moreover, this isomorphism should be compatible with the action of the affine extended Hecke algebra. The stack X appearing in Conjecture E is a refinement of the stack NǦ/Ǧ in our setting.
Let us now explain the link between K(X ) and geometric Howe correspondence at the Iwahori level. Consider a dual (split) reductive pair (G, H) over k with a given mapǦ × SL 2 →Ȟ. In [23] the authors construct a category W called the Weil category equipped with an action of (G × H)(F ). This is a geometrization of the Weil representation. Inspired from the series of conjectures presented in [16] , Vincent Lafforgue conjectured that there should exist an equivalence of categories
as categories equipped with an action of (G × H)(F ).
Building on Conjectures (1.1) and (1.2), we present a new conjecture at the level of Grothendieck groups linking the geometric Howe correspondence and local Arthur-Langlands functoriality at the Iwahori level. Let us first give the context of this conjecture. Denote by (DW) I G ×I H the invariants of the category DW, the latter being a graded version of W. Denote by DP I G (Fl G ) the category whose objects are direct sums of shifted I G -equivariant perverse sheaves on Fl G . This monoidal category takes in consideration the action of G m by cohomological shift. The category (DW) I G ×I H is acted on by DP I G (Fl G ) and DP I H (Fl H ). The group K(DP I G (Fl G )) ⊗ Q ℓ is isomorphic to the Iwahori-Hecke algebra H I G . Hence, K((DW) I G ×I H ) is a bimodule under the action of H I G and H I H . According to the IwahoriHecke algebra H I G is isomorphic to the affine extended Hecke algebra H G after specialization. Hence, the algebra K((DW) I G ×I H ) is a bimodule over H G and H H . Moreover, by the Kazhdan-Lusztig-Ginzburg isomorphism [21] and [14] , the affine extended Hecke algebra H G is isomorphic to theǦ × G m -equivariant K-theory KǦ ×Gm (ZǦ) of the Steinberg variety ZǦ ofǦ. This isomorphism is used to define H G and H H module structure on K(X ). Remark that the usual Kazhdan-Lusztig-Ginzburg isomorphism can be upgraded to the following isomorphism:
Recently, Bezrukavnikov proved in [10] an equivalence of categories between D I G (Fl G ) and the category of coherent sheaves on the Steinberg variety ofǦ lifting this isomorphism to the categorical level.
We may now present our second conjecture:
Conjecture E ( [15] ). The bimodule K(X ) is isomorphic to the Grothendieck group of the category (DW) I G ×I H under the action of the affine extended Hecke algebras H G and H H .
If G = GL n and H = GL m , we can give a more concrete conjecture building on our construction of the geometric version of the Howe correspondence
Conjecture F (Conjecture 9.1, [15] ). Let G = GL n and H = GL m .
The bimodule K(X ) is isomorphic to the Grothendieck group of the category K(DP I G ×I H (Π(F ))) under the action of the affine extended Hecke algebras H G and H H The last section §9 is devoted to the proof of the Conjecture F in a particular case. The result we obtain is Theorem G (Theorem 9.2, [15] ). For any m ≥ 1, Conjecture F is true for the pair (GL 1 , GL m ).
This theorem expresses the Howe correspondence in terms of K(X ) for pairs (GL 1 , GL m ). The idea underlying this Theorem is that the explicit description of the Howe correspondence in the classical setting obtained by Minguez in [32] should be upgraded to a finer description of the bimodule in terms of the stack X attached to the mapǦ × SL 2 →Ȟ. This opens an important perspective as the same description should also hold for other dual pairs. Especially it should be interesting to obtain a similar result for the dual pairs (Sp 2n , SO 2m ) and provide in this way a conceptually new approach to the computations done in [5] and [4] . Another important perspective is a hope that the whole derived category D I G ×I H (Π(F )) could possibly be described in terms of the derived category of coherent sheaves over the stack X in the same spirit of the recent work in [10] and [2] .
Acknowledgments: The author would like to thank Vincent Lafforgue who agreed that an unpublished conjecture of his be included in the manuscript. The results presented in this paper are part of the Ph.D. thesis of the author under the supervision of Sergey Lysenko.
Notation
In this paper, k is an algebraically closed field of characteristic p > 2 except for §8 and §9 where k is assumed to be finite. Let F = k((t)) be the field of Laurent series with coefficients in k and O = k[[t]] its ring of integers. Let ℓ be a prime number different from p. We will denote by G a connected reductive group over k and by G(F ) the set of its F -points. Fix a maximal torus T and a Borel subgroup B of G containing T . Throughout the paper we denote byX the lattice of characters of T and by X the cocharacters lattice of T , see for background and details [13] . We denote byŘ the set of roots and by R the set of coroots. Denote by (X,Ř, X, R, ∆) the root datum associated with (G, T, B), where ∆ denotes the basis of simple roots. Denote by X + the set of dominant cocharacters of G. Denote by I G the Iwahori subgroup of G(F ) associated with B. Denote byǦ the Langlands dual group of G over Q ℓ . All representations are assumed to be smooth and are considered over Q ℓ . We denote by Rep(Ǧ) (resp. R(Ǧ)) the category (resp. ring) of smooth representations ofǦ over Q ℓ .
Denote by W G the finite Weyl group of the root datum (X,Ř, X, R, ∆) and by sα the simple reflection corresponding to the rootα. We denote by w 0 the longest element of the Weyl group W G . In all our notation, if there is no ambiguity we will omit the subscript G. Denote by W G the affine extended Weyl group, which is the semi-direct product W G ⋉X where W G acts on X in a natural way. We will assume additionally that the root datum is irreducible and the unique highest root will be denoted byα 0 . Let S af f = {s α |α ∈ ∆} ∪ {s 0 }, where s 0 = t −α 0 sα 0 . The subgroup W af f of W G generated by S af f is the affine Weyl group associated with the root datum. Denote by ℓ the length function defined on the coxeter group W af f which extends to a length function on W G . Let Q denote a subgroup of X generated by coroots. One has W af f −→W G ⋉Q and the subgroup W af f is normal in W G and admits a complementary subgroup Ω = {w ∈ W G |ℓ(w) = 0}, the elements of length zero. Moreover, we have W G −→W af f ⋊ Ω, which we will use as a description of W G .
For any scheme or stack S locally of finite type over k, we denote by D(S) the bounded derived category of constructible Q ℓ -sheaves over S. Write D : D(S) → D(S) for the Verdier duality functor. We denote by P (S) the full subcategory of perverse sheaves in D(S). We will also use a subcategory DP (S) of D(S) defined over any scheme or stack S. The objects of DP (S) are the objects of i∈Z P (S) [i] , and for K, K ′ ∈ P (S) and i, j ∈ Z the morphisms are:
Let X be a scheme of finite type over k and let G be a connected algebraic group acting on X. We denote by P G (X) the full subcategory of P (X) consisting of G-equivariant perverse sheaves. The derived category of G-equivariant Q ℓ -sheaves on X is denoted by D G (X). For any smooth d-dimensional irreducible locally closed subscheme Z of X, if i : Z → X is the corresponding immersion, we define the intersection cohomology sheaf (IC-sheaf for short) IC(Z) as the
Let us recall the affine Grassmannian and affine flag variety and some of their properties, see [8] and [33] . We denote by Gr G the affine Grassmannian defined as the k-space quotient G(F )/G(O). If G is the linear algebraic group GL n over k, the k-points of Gr G is naturally identified with the set of lattices in k((t)) n , see [6] . The affine Grassmannian is an ind-scheme of ind-finite type. Given λ in X, the G(O)-orbit associated with W G .λ is G(O).t λ , we denote by Gr λ G . We have the Cartan decomposition of G(F ) :
For any λ and µ in X + , Gr µ G ⊂ Gr λ G , if and only if λ − µ is a sum of positive coroots and
For any λ in X + , the dimension of Gr λ G is 2ρ, λ , whereρ = 1 2 α∈Ř +α is the half sum of positive roots.
Denote by Fl G the affine flag variety for G defined as the quotient k-space G(F )/I G , which is an ind-scheme of ind-finite type as well. The affine flag variety decomposes as a disjoint union
The closure of each Schubert cell I G wI G /I G is a union of Schubert cells and the closure relations are given by the Bruhat order:
For any w ∈ W G we will denote the Schubert cell I G wI G /I G by Fl w G . It is isomorphic to A ℓ(w) .
Let R be a k-algebra. A complete periodic flag of lattices inside R((t)) n is a flag
For 1 ≤ i ≤ n, denote by {e 1 , . . . , e n } a basis of L 0 and set
. For all i in Z, we set Λ i+n,R = t −1 Λ i,R . This defines the standard complete lattice flag
gives rise to a flag of lattices inside R((t)) n by applying it to the standard lattice flag. The Iwahori
is precisely the stabilizer of the standard lattice flag Λ •,k . For any k-algebra R, Fl GL n (R) is naturally in bijection with the set of complete periodic lattice flags in R((t)) n .
Denote by P G(O) (Gr G ) (resp. P I G (Gr G )) the category of G(O)-equivariant (resp. I G -equivariant) perverse sheaves on the affine Grassmannian Gr G and denote by P I G (Fl G ) the category of I G -equivariant perverse sheaves on the affine flag variety Fl G . The category P G(O) (Gr G ) is equipped with a geometric convolution functor denoted by ⋆ which preserves perversity and makes P G(O) (Gr G ) into a symmetric monoidal category, see [33] . We define the extended geometric Satake equivalence in the following way:
for any perverse sheaf K in P G(O) (Gr G ) and any integer i, this functor sends
, where I is the standard representation of G m and loc :
One may define a geometric convolution functor on D I G (Fl G ) as well but this convolution functor does not preserve perversity, see [17] and [2] .
Assume temporarily that the ground field k is the finite field F q . We define the Iwahori-Hecke algebra H I G to be the space C c (I G \G(F )/I G ) of locally constant, I G -bi-invariant compactly supported Q ℓ -valued functions on G(F ). We fix a Haar measure dx on G(F ) such that I G be of measure 1 and endow H I G with the convolution functor. There are two well-known presentations of this algebra by generators and relations. The first is due to Iwahori-Matsumoto [19] and the second is by Bernstein in [27] and [25] . We will use the second presentation. Moreover, we have the isomorphism K(DP I G (Fl G ))⊗Q ℓ −→H I G .
Geometric model of the Schwartz space at the Iwahori level
Let M 0 be a finite-dimensional representation of G over k and let M = M 0 ⊗ k O. The definitions of the derived category D(M (F )) of ℓ-adic sheaves on M (F ) and the category P (M (F )) of ℓ-adic perverse sheaves on M (F ) are given in [31] . The category D(M (F )) is a geometric analogue of the Schwartz space of locally constant functions with compact support on M (F ). We recall their definition briefly and the use them to define the I G -equivariant version of these categories. One can find general details on ind-pro systems in [31, Appendix B] . These are the generalizations of the construction in [31] in the tamely ramified case.
For any two integers
where i is the natural closed immersion and p is the projection. Consider the following functor
According to [7, Proposition 4.2.5 ] the functor (3.2) is fully faithful and exact for the perverse t-structure. The functor i * is fully faithful and exact for the perverse t-structure as well. This yields a commutative diagram of triangulated categories:
The derived category D(M (F )) is defined as the inductive 2-limit of derived categories D(M N,r ) as N, r go to infinity. Similarly, P (M (F )) is defined as the inductive 2-limit of the categories P (M N,r ). Let r 1 ≥ N + r > 0, we have the projection K r 1 ։ K N +r . This leads to the following projection between stack quotients
and gives rise to an equivalence of equivariant derived categories
This equivalence is also exact for perverse t-structure. Denote by
By taking the stack quotient of Diagram (3.1) by K N 1 +r 1 , we obtain
where each arrow is fully faithful and exact for the perverse t-structure. De- In order to define an action of the Hecke functors on D I G (M (F )), let us first define the equivariant derived category From now on let us assume M 0 is a faithful representation of G. Then 
Fl G is realized as the closed subscheme in the scheme classifying a lattice
The action of G(O) on the latter scheme factors through G(O/t s 1 +s 2 +1 O).
The action of
We define the category
of perverse sheaves is defined along the same lines.
Hecke functors at the Iwahori level
We use the same notation as in the previous section. Denote byμ inX + the character by which G acts on det(M 0 ). The connected components of the affine Grassmannian Gr G are indexed by the algebraic fundamental group π 1 (G) of G, see [8] . For θ in π 1 (G), choose λ in X + whose image in π 1 (G) equals θ. Denote by Gr θ G the connected component of Gr G containing Gr λ G . The affine flag manifold Fl G is a fibration over Gr G with typical fiber G/B. Hence the connected components of the affine flag variety Fl G are also indexed by
Let us now define the Hecke functors (geometrization of the action of the Iwahori-Hecke algebra H I G on the invariants of the Weil representation under the action of
Consider the following isomorphism
equivariant with respect to these two actions. Hence this yields a morphism of stacks
and enables us to define the following morphism of stack quotients
where the action of I G on M (F ) × Fl G is the diagonal one. The following lemma generalizes a construction done in [31, §4] to the Iwahori case.
Lemma 4.2. There exists an inverse image functor
which preserves perversity and is compatible with the Verdier duality in the following way: for any
Proof. Given N, r, s 1 , s 2 ≥ 0 with r ≥ s 1 and s ≥ max{N + r, s 1 + s 2 + 1}, one can define the following commutative diagram
The action map act sends the couple (v, g) to g −1 v. The maps pr 1 , pr 2 and pr are projections. The map q G sends the couple (v, g) to (v, gI G ). All the vertical arrows are the projections of the stack quotients for the action of the corresponding group. The group K s acts diagonally on M N,r × s 1 ,s 2 Fl G and the map act q is equivariant with respect to this action. This enables us to define the following functor:
where c equals θ,μ over s 1 ,s 2 Fl θ G . Set r 1 ≥ r 2 and s ≥ max{s 1 + s 2 , N + r 1 }. Then we have the diagram
The functors temp and the transition functors in (4.3) are compatible. This gives rise to a functor
where the first arrow is the extension by zero under the closed immersion
, the image of (K, T ) under the composition (4.4) does not depend on N 1 . So we get a functor
For any s ′ 1 ≥ s 1 , and s ′ 2 ≥ s 2 , we have the extension by zero functors
which are compatible with our functor temp s 1 s 2 , so this yields the desired functor
, and act * q preserves perversity.
For any N, r, s 1 , s 2 greater than zero satisfying the following condition s ≥ max{N + r, s 1 + s 2 + 1}, consider the projection
which gives us
These functors are compatible with the transition functors in (4.3) and yield a functor
Moreover, this functor is compatible with the convolution functor on
One may also consider the category DP I G (Fl G ) and consider the Hecke functors in the form
We may define the right action
We are going to explain the above construction explicitly in this case. Let T be in
where p is the map sending
G with fiber isomorphic to an affine space of dimension dim(V /t r 1 M ) − θ,μ . Since K is a shifted local system, the tensor product act * q,s K ⊗ pr * 2 T is a shifted perverse sheaf. Let K⊠T be the perverse sheaf
is the unique integer for which this complex is perverse and this shift depends onμ. Then we have
Compatibility. Till now we have been working over an algebraic closed field and we have ignored all the Tate twists. Let us explain how our construction is compatible with the classical local theta correspondence when the ground field k is F q .
Assume temporarily that k = F q . Let us explain the relation between this geometrical convolution and classical convolution action in [32] and [35] at the level of functions. Given K in D I G (M (F )) we can associate with it the following function a K in the Schwartz space 
denoting by f i the corresponding function, we have
where dx is the Haar measure on
In the following (except for §8) we will restrict ourselves to the case of dual reductive pairs of type II. Let L 0 = k n and U 0 = k m with n ≤ m and let G = GL(L 0 ) and H = GL(U 0 ). We put
, and Π = Π 0 (O). For any O-module of finite rank M and any pair N, r of integers such that N + r > 0, we set M N,r = t −N M/t r M. Let T G (resp. T H ) be the maximal torus of diagonal matrices in G (resp. in H). Let B G (resp. B H ) be the Borel subgroup of upper-triangular matrices in G (resp. H). Let I G and I H be the corresponding Iwahori subgroups. Let I 0 denote the constant perverse sheaf on Π. Using the previous construction we have the well-defined category of I G × I H -equivariant perverse sheaves on Π(F ) inside the derived category D I G ×I H (Π(F )) which is the geometrization of the invariants of the Schwartz space S(Π(F )) I G ×I H , and two Hecke functors corresponding to the actions of DP I G (Fl G ) and
Structure of the category P H(O)×I G (Π(F ))
The purpose of this section is to understand the module structure of the categoryP
By identifying Gr G with the ind-scheme of lattices in L(F ), we may view U v,r as a point of the affine Grassmannian Gr G . The Iwahori subgroup I G acts on the affine Grassmannian Gr G as well. The I G -orbits are parametrized by cocharacters λ in X. Each orbit is an affine space. We have the decomposition
For any λ in X + , each G(O)-orbit Gr λ G decomposes into I G -orbits which are parametrized by W.λ and the orbit
The scheme O λ is stratified by locally closed subschemes O µ , where µ is in X. Remark that O µ ⊂ O λ does not necessarily imply µ ≤ λ. Denote by A λ the IC-sheaf of O λ which is an object of P I G (Gr G ). 
Let us now consider two elements v 1 and v 2 of Π N,r such that
Adding to v i a suitable element t r Π, we may assume that v i : U * → U v,r is surjective for i = 1, 2. Then the previous argument implies that there exists
Letω 1 = (1, 0 . . . , 0) be the highest weight of the standard representation of G and recall that w 0 is the longest element of the finite Weyl group W G . Lemma 5.3. There is a bijection λ → Π λ,r between H(O) × I G -orbits on Π N,r and elements λ in X G such that for any ν in W G .λ
Each orbit Π λ,r consists of points v such that U v,r lies in
Proof. Any lattice R satisfying t r L ⊂ R ⊂ t −N L is of the form U v,r for some v in Π N,r . Consider the lattice U v,r as a point in Gr G . Then by Lemma 5.2 the H(O)×I G -orbits on Π N,r are exactly the locally closed subschemes (Π λ,r ) λ∈X G in Π N,r such that λ satisfies (5.4).
For any λ in X G , the perverse sheaves IC(Π λ,r ) in P H(O)×I G (Π(F )) are independent of the choice of r if ν,ω 1 < r for any ν in W G λ. The resulting object of P H(O)×I G (Π(F )) will be denoted by IC(Π λ ). Hence we obtain the following:
Proposition 5.5. The irreducible objects of P H(O)×I G (Π(F )) are in bijection with X G : the irreducible object corresponding to a cocharacter λ in X G is the intersection cohomology sheaf IC(Π λ ).
This proposition implies that any irreducible object of P H(O)×I G (Π(F )) is obtained by the action of A λ on I 0 for some λ in X G . We will give a proof of this proposition after some preparation. 
be the map sending a pair (v, gG(O)) to the composition
This map is proper. The projection p :
is a vector bundle of rank rnm − m λ,ω n , whereω n = (1, . . . , 1). We obtain in this particular case an isomorphism
where the complex Q ℓ⊠ A λ is normalized to be perverse, i.e.
As mentioned before the category P G(O) (Gr G ) is equipped with a convolution functor. Consider the following convolution diagram
where m is the multiplication. Let F 1 and F 2 be two G(O)-equivariant perverse sheaves over Gr G , the convolution functor of these two perverse sheaves is by definition
, where the sheaf F 1⊠ F 2 is perverse equipped with an isomorphism
According to [17, Proposition 6 ] the category P I G (Gr G ) acts on P G(O) (Gr G ) by convolution and this convolution functor ⋆ preserves perversity. We want to use this result in order to give a dimension estimate for the objects of P I G (Gr G ). 
Proof. Let B δ,! (resp. A η,! ) be the constant perverse sheaf on Gr δ G (resp.O η ) extended by zero with adequate perverse shift on Gr G . The extension by zero functor is right exact for the perverse t-structure. Hence B δ,! (resp. A η,! ) lies in non positive perverse degrees and so does the convolution functor A η,! ⋆ B δ,! . The * -restriction of A η,!⊠ B δ,! to Y is the extension by zero from Y η,δ to Y of the constant complex. Hence this complex lies in degrees 2 dim Y η,δ −dim O η − dim Gr δ G + dim O ν and so we have the desired inequality.
Proof of Proposition 5.6 : Let λ be in X G and consider the complex 
For
and that the inequality is strict unless ν = λ, this would imply our claim. Since we have dim(Π ν,r ) = rnm − m ν,ω n + dim O ν , the inequality (5.12) becomes
Considering the map π η :
It is natural to stratify Y 
By using Lemma 5.11 we are reduced to show that for any very positive δ, δ, nω n − 2ρ G ≥ 0. To prove this inequality notice that
Thus nω n − 2ρ G is very positive and so for any very positive cocharacter δ we have δ, nω n − 2ρ G ≥ 0. This proves the inequality (5.13). Moreover for any very positive δ this inequality is strict unless δ = 0 which is the case if and only if ν = η. This finishes the proof.
Recall that according to the Satake isomorphism, P H(O) (Gr H ) is equivalent to the category Rep(Ȟ) of representations of the Langlands dual groupȞ over Q ℓ . The module structure of P H(O)×G(O) (Π(F )) under the action of the category P H(O) (Gr H ) has been described in [31, § 5] . Namely, let U 1 (resp. U 2 ) be the vector subspace of U 0 , generated by the first n basis vectors (resp. by the last m − n basis vectors) of U 0 . Thus, U 0 = U 1 ⊕ U 2 . Let P ⊂ H be the parabolic subgroup preserving U 1 . Let M → GL(U 1 ) × GL(U 2 ) the standard Levi factor in P and the map κ :Ǧ × G m →Ȟ be the composition
By using the extended Satake equivalence,
for the functor corresponding to the restriction Rep(Ȟ) → Rep(Ǧ × G m ) with respect to κ. 
Proposition 5.16. For any λ in X G and T in P H(O) (Gr H ) we have the following isomorphism
Proof. Since the actions of
commute, we get from Proposition 5.6 and [31, Proposition 4]
From Proposition 5.6 it also follows that the functor
is exact for the perverse t-structures. It suffices to verify this for simple objects and this follows from Proposition 5.6. It is easy to see that neither of the categories 
6. Simple objects of
We use the same notation as in the previous section. Our goal is to describe the simple objects of P I H ×I G (Π(F ) ). To do so we study the I H × I G -orbits on Π λ,r defined in [ §5, Lemma 5.3] . It turns out that it is not necessary to do the study for all cocharacters λ. Indeed if λ = (a 1 , . . . , a n ) we will restrict ourselves to the case where all a i 's are strictly smaller than r. This will be sufficient for our purpose. Let
Describing I H × I G -orbits on Π λ,r is equivalent to describe I H × Stab λ -orbits on X λ N,r .
Assume n = m.
Lemma 6.1. The I H × Stab λ -orbits on X λ N,r are in bijection with the finite Weyl group W G .
Proof. Let {e 1 , e 2 , . . . , e n } be the standard basis of the vector space L 0 , so the Borel subgroup B G preserves the standard flag associated with the basis (e i ) 1≤i≤n . Let (u * 1 , u * 2 . . . , u * m ) be the standard basis of the dual space U * 0 . Let v be a point in X λ N,r and consider the induced map
where ω n = (1, . . . , 1). The map v is an isomorphism and it may be considered as an element of Aut(t λ L/t ωn+λ L). Denote by
the standard complete flag of lattices inside L(F ) preserved by the Iwahori group
is a Borel subgroup of G but not necessary the standard one. Hence the I H × Stab λ -orbits on the set of isomorphisms (6.2) are parametrized by the finite Weyl group W G . By Lemma 6.3 below each I H × Stab λ -orbit on X λ N,r is the preimage of a I H ×Stab λ -orbit on the scheme of isomorphisms (6.2). Finally one gets that I H × Stab λ -orbits on X λ N,r are exactly indexed by W G .
By this Lemma, the set of I H × I G -orbits on Π λ,r is in bijection by W G . Proof. Let A i be the kernel of v i for i = 1, 2. These are free O-modules of rank q − p. Choose a direct sum decomposition A = A i ⊕ W i , where W i is a free Omodule of rank p. Then there is a unique isomorphism a :
Let τ be an element of W G and let w = t λ τ be the corresponding element in W G , where λ = (a 1 , . . . , a n ). Denote by Π w N,r the I G × I H -orbit on Π N,r passing through v given by
The I G × I H -orbit on Π N,r are exactly Π w N,r for w in W G . For any w in W G denote by I w the IC-sheaf of the I H ×I G -orbit Π w N,r indexed by w, and by I w! the constant perverse sheaf on Π w N,r extended by zero to Π N,r . As an object of P I H ×I G (Π(F )), it is independent of r, so that our notation is unambiguous. We underline that this notation is only introduced under the assumption a i < r for all i. As the category P I H ×I G (Π(F )) is obtained by filtering inductive 2-limit, simple objects of this category are the image of simple objects of the pieces of the limit. Proposition 6.4. Recall that n = m. Any irreducible object of P I H ×I G (Π(F )) is of the form I w for some w in W G .
Proof. Let λ = (a 1 , . . . , a n ). An irreducible object of P I H ×I G (Π(F )) is the ICsheaf of an I H ×I G -orbit Y on Π λ,r for some integer r and for some cocharacter λ satisfying (5.4). In particular all a i 's are smaller than or equal to r. First we will show that we can restrict ourselves to the case where all a i 's are strictly less than r. Assume that a i = r for some i. For s > r consider the projection q : Π N,s → Π N,r . Then the H(O) × I G -orbit Π λ,s is open in q −1 (Π λ,r ). The map q : Π λ,s → Π λ,r is not surjective but the sheaf IC(Y) is non-zero over the locus in q −1 (Π λ,r ) of maps v : U * → t −N L/t r L whose geometric fiber of the image is of maximal dimension n. Hence the IC-sheaf of Y is a also an IC-sheaf of some I H × I G -orbit on Π λ,s . We are reduced to the case where all a i are strictly less than r. Recall that the geometric fiber of an O-module L is L ⊗ O k.
Next we are going to prove that each I H × I G -equivariant local system on Π w N,r is constant. The map X λ N,r → Isom(U * /tU * , t λ L/t λ+ωn L) given by v →v is an affine fibration. The group Hom(U * , t λ+ωn L/t r L) acts freely and transitively on the fibers of this map. So we are reduced to show that any B G × B Hequivariant local system on any B H × B G -orbit on U 0 ⊗ L 0 is constant. This is Indeed true because the stabilizer in B G of a point in the double coset B G wB G /B G for any w in W G is connected.
If λ is dominant then the image of Stab λ in Aut(t λ L/t λ+ωn L) is the standard Borel subgroup of G. Thus when w = t λ with λ being dominant we have that Π w N,r is an open subscheme of Π λ,r and I w = IC(Π λ,r ). Assume that n ≤ m. In this case the map (6.2) is not an isomorphism but only a surjection. We may consider the I H × Stab λ -orbits on the set of surjections (6.2). Let S n,m be the set of pairs (s, I s ), where I s is a subset of n elements of {1, . . . , m} and s : I s −→ {1, . . . , n} is a bijection. Let W 1 ⊂ W 2 ⊂ · · · ⊂ W m = U * 0 be a complete flag preserved by B H . We denote by W i the image of W i under the map (6.2). Then
Recall that for λ = (a 1 , . . . , a n ) we assume that a i < r for all i. From Lemma 6.3 one deduce that each I H × Stab λ -orbit on X λ N,r is the preimage of a I H × Stab λ -orbit on the set of surjections (6.2). Let w = (λ, s) be in X G × S n,m then the I H × I G -orbit passing through v a point of Π N,r is given by
We denote this orbit by Π w N,r and its closure by Π w N,r . For any w = (λ, s) in X G × S n,m denote by I w the IC-sheaf of Π w N,r . The corresponding object of D I H ×I G (Π(F )) is well-defined and independent of N, r. Denote by I w! the extension by zero of the constant perverse sheaf from Π w N,r to Π N,r . The corresponding object of D I H ×I G (Π(F )) is well-defined and independent of N and r. Theorem 6.6. Any irreducible object of P I H ×I G (Π(F )) is of the form I w for some w in X G × S n,m .
Proof. An irreducible object of P I H ×I G (Π(F )) is the IC-sheaf of an I H × I Gorbit Y on Π λ,r for some integer r and for some cocharacter λ = (a 1 , . . . , a n ) satisfying (5.4). As in the proof of Proposition 6.4 we may assume that all a i 's are strictly less than r. Consider a I H × I G -orbit Π w N,r on Π N,r passing through v as defined in (6.5). Let St(v) be the stabilizer of v in I H × I G . We are going to show that St(v) is connected. This will imply that any I H × I G -equivariant local system on I H × I G -orbit Π w N,r is constant. The stabilizer St(v) of v is a subgroup of I H × Stab λ . Let B λ be the image of
We define two groups I 0,λ and I 0,H by the exact sequences Note that I H is semi-direct product of I 0,H and B H . Let St 0 (v) be the stabilizer of v in I 0,H × I 0,λ . By Lemma 6.3, the I 0,H × I 0,λ -orbit through v on X λ N,r is the affine space of surjections f : 
we obtain that St(v) is connected.
7. Study of Hecke functors, n = 1 and m ≥ 1
We will assume that n = 1 and m ≥ 1 in the entire section and we will give a complete description of DP I H ×I G (Π(F )) under the actions of
We use the same notation as in previous section. We will work most of the time over an algebraically closed field (and ignore the Tate twists).
For 1 ≤ i ≤ m we denote by ω i = (1, . . . , 1, 0, . . . , 0) the cocharacter of T H where 1 appears i times. The Iwahori group I H preserves t −ω i U and t ω i U * . Let Ω H be the normal subgroup in the affine extended Weyl group W H of elements of length zero. Note that ω m = (1, . . . , 1) is in Ω H .
For 1 ≤ i ≤ m, let U i = t −ω i U . Define U i for all i ∈ Z by the property that U i+m = t −ωm U i for all i. Thus,
is the standard flag preserved by I H . For any integer k in Z, we denote by IC
Proposition 7.1. The irreducible objects of P I H ×I G (Π(F )) are exactly the perverse sheaves IC k , k ∈ Z.
Proof. The assertion follows from Theorem 6.6.
We will denote by IC k,! the constant perverse sheaf on
extended by zero. This is a (non irreducible) perverse sheaf. Denote by I 0 = IC 0 the constant perverse sheaf on Π.
Assume temporarily that k is finite. For w ∈ W G , denote by j w the inclusion of Fl w G in Fl G , and let L w = j w! * Q ℓ [ℓ(w)](ℓ(w)/2), the IC-sheaf of Fl w G . We write L w! = j w! Q ℓ [ℓ(w)](ℓ(w)/2) and L w * = j w * Q ℓ [ℓ(w)](ℓ(w)/2) for the standard and costandard objects. As j w is an affine map, both L w! and L w * are perverse sheaves. They satisfy D(L w * ) = L w! , where D denotes the Verdier duality. To each G in 
where Q ℓ⊠ A λ is normalized to be perverse. Denote by p H the projection of
and the assertion follows.
Assume that m > 1 and let s m = t λ τ , where λ = (−1, 0, . . . , 0, 1) and τ = (1, m) is the reflection corresponding to the highest root. This is the unique affine simple reflection in W H .
Proposition 7.3. If m > 1, we have the following canonical isomorphisms
In this case the scheme O λ classifies lattices U ′ such that
and dim(U ′ /U −1 ) = 1. Let N = r = 1, then the image of the projection
is contained in L ⊗ (U 1 /tU ). Let v be a map from L * to U 1 /tU in the image of π. If v factors through U −1 /tU then the fiber of π over the point v is P 1 , otherwise it is a point. The first claim follows, the second is analogous.
In a similar way one gets the following.
Proof. The proof follows from Lemma 7.2 and 7.3.
The symmetry in our situation is due to the fact that Ω H acts freely and transitively on the set of irreducible objects of P I G ×I H (Π(F )). 
Propositions 7.4 and 7.5 describe completely the action of P I H (Fl H ) on the simple objects IC k , k ∈ Z. Thus the module structure of
under the action of K(P I H (Fl H )). Now we are going to define the action of the center of
Let σ :Ǧ × G m −→Ȟ be given by (5.14). Denote by Denote by s the standard representation of G m and by g the standard representation ofǦ. The category Rep(Ǧ × G m ) acts on DP I G ×I H (Π(F )) as follows:
It follows that the representation ring R(Ǧ × G m ) acts on K(DP I G ×I H (Π(F ))), which becomes in this way a free R(Ǧ × Proof. Let us recall that there is a central functor
where the last isomorphism is [31, Proposition 5] . Recall that for any k in Z
where the last isomorphism is from (7.8). The assertion follows.
Assume that k is a finite field F q . Let us rewrite all useful formulas obtained in Propositions 7.2 and 7.3 and Proposition 7.5, taking in consideration the Tate twists. These formulas will be used in §9.
Theorem 7.9. The bimodule K(DP I G ×I H (Π(F ))) is free of rank m over R(Ǧ× G m ) with basis {IC 0 , . . . , IC m−1 } and the explicit action of H H is given by the following formulas:
Let ω i = (1, . . . , 1, 0, . . . , 0) where 1 appears i times and 0 appears m − i times.
Proposition 7.11. We have a canonical isomorphism in K(DP I H ×I G (Π(F ))):
and the assertion follows from the remark above on the elements IC a,b,! .
On the geometric local Langlands functoriality at the Iwahori level
For basic notions in equivariant K-theory, we refer to [14, Chapter 5] . Some of the constructions we will use are recalled in Appendix 10. Let us just recall the Kazhdan-Lusztig-Ginzburg isomorphism and fix some additional notation.
Let k be the finite field F q . Let G be a connected reductive group over k and denote byǦ its Langlands dual group over Q ℓ . Assume additionally that [Ǧ,Ǧ] is simply connected. Let v be an indeterminate. Let (W, S) be the Coxeter group associated with the root datum defined on G, where W is the finite Weyl group and S the set of simple reflections. The finite Hecke algebra H W is free Z[v −1 , v]-algebra with basis {T w , w ∈ W } such that the following rules hold:
The group algebra Z[X] is isomorphic to R(Ť ), the representation ring of the dual torus to T . We will write e λ for the element of R(Ť ) corresponding to the coweight λ in X. The affine extended Hecke algebra associated with G was introduced by Bernstein [9] (it first appeared in [26] ) and is isomorphic to the so-called Iwahori-Hecke algebra of a split p-adic group with connected center. The latter was introduced in [19] and reflects the structure of the space C c (I G \G(F )/I G ) of locally constant compactly supported Q ℓ -valued functions on G(F ) which are bi-invariant under the action of I G . The extended affine Hecke algebra H G is a free Z[v, v −1 ]-module with basis {e λ T w |w ∈ W, λ ∈ X}, such that:
For any s α ∈ S with λ,α = 0, T sα e λ = e λ T sα . (4) For any s α ∈ S with λ,α = 1, T sα e sα(λ) T sα = ve λ .
Properties (3), (4) together are equivalent to the following useful formula
where α is a simple coroot, s α the corresponding simple reflection and λ ∈ X. The properties (1) and (2) give us two canonical embeddings of algebras
This is a v-analogue of the Z-module isomorphism [14, 7.1.8],
Letǧ be the Lie algebra ofǦ, BǦ be the variety of Borel subalgebras inǧ, and NǦ be the nilpotent cone inǧ. The Springer resolution NǦ of NǦ is given by NǦ = {(x, b) ∈ NǦ × BǦ|x ∈ b}.
Let µ : NǦ → NǦ be the Springer map. Let s be the standard coordinate on G m . We let G m act onǧ by requiring that s sends an element x to s −2 x. We also define an action ofǦ × G m on NǦ by the formula
The map µ isǦ × G m -equivariant. The Steinberg variety is defined by 
Let us explain briefly what we are going to do. Assume to be given two connected reductive groups G, H and a homomorphismǦ × SL 2 →Ȟ, wherě G (resp.,Ȟ) denotes the Langlands dual group of G over Q ℓ (resp., of H). We still assume that the respective derived groups ofǦ andȞ are simply connected. We construct a bimodule over the affine extended Hecke algebras H G and H H realizing the local geometric Arthur-Langlands functoriality at the Iwahori level for this homomorphism. We propose a definition of this explicit kernel at this level of generality given in Conjecture 8.7. It is based to a large extent on the Kazhdan-Lusztig-Ginzburg isomorphism (8.2).
We fix a maximal torus T G (resp. T H ) in G (resp. H) and a Borel subgroup B G (resp. B H ) in G (resp. H) containing T G (resp. T H ). Assume we are given a morphism σ :Ǧ × SL 2 −→Ȟ and let ξ : SL 2 →Ȟ be its second component and η :Ǧ →Ȟ be its first component. Let α : G m → SL 2 be the standard maximal torus sending an element x to diag(x, x −1 ). Let σ :Ǧ × G m →Ȟ be the restriction of the above homomorphism via id ×α:
For any element g inǦ we will often denote its image η(g) inȞ by the same letter g as well as for the linearised morphisms between the corresponding Lie algebras. Denote by
the morphism whose first component is σ and whose second component is the second projection
Remark that (at least for pairs (SO 2n , Sp 2m ) and (GL n , GL m )) according to [31] , the local Langlands functoriality at the unramified level sends the unramified representation with Langlands parameter γ inǦ to the unramified representation with Langlands parameter σ(γ, q 1/2 ) ofȞ. This is realized by the restriction homomorphism
On the one hand, it is understood that the standard representation s of G m corresponds to the cohomological shift −1 in order to have the compatibility with [31] . On the other hand while specializing s, we should think of s as q 1/2 to makes things compatible with the theory of automorphic forms.
Let e denote the standard nilpotent element of Lie(SL 2 ) e = 0 1 0 0 .
If dξ : Lie(SL 2 ) → Lie(Ȟ) is the linearised morphism associated to ξ, we denote dξ(e) by x. As σ is a group morphism, for any z in g, [dη(z), x] = 0. Hence, if z is nilpotent, so is dη(z) + x.
Lemma 8.4. The map f from NǦ to NȞ sending any element z in NǦ to z + x is a σ-equivariant map. It defines a morphism of stack quotients
Proof. We have the following equality in Lie(SL 2 )
This implies that s
which implies that f is σ-equivariant and the morphism of stack quotients f is well-defined.
The Springer map NȞ −→ NȞ is (Ȟ × G m )-equivariant. By using this and Lemma 8.4 we obtain the following diagram:
where the bottom horizontal map is induced from the Springer map forȞ and the vertical right arrow is the composition of theǦ × G m -equivariant Springer map forǦ with the map f defined in Lemma 8.4. Note that in the left top corner of the diagram we took the fiber product in the sense of stacks, see [24, §2.2.2], we denoted it by X . The K-theory K(X ) of X is naturally a module over the associative algebras KǦ ×Gm ( NǦ × NǦ NǦ) and KȞ ×Gm ( NȞ × NȞ NȞ). The action is by convolution (see Section 10.1 Appendix 10). Thanks to (8.2), these two algebras may be identified with the extended affine Hecke algebras H G and H H respectively. We may now state the conjecture :
Conjecture 8.7. The bimodule over the affine extended Hecke algebras KǦ ×Gm (ZǦ) and KȞ ×Gm (ZȞ) realizing the local geometric Langlands functoriality at the Iwahori level for the map σ :Ǧ × G m −→Ȟ identifies with K(X ).
Remark that ifǦ =Ȟ and the map ξ is trivial, then X equals ZǦ and K(X ) identifies with the extended affine Hecke algebra H G for G. Thus K(X ) is naturally a free module of rank one over both algebras H H and H G . 
Proposition 8.8. There exists a natural isomorphism of stacks
and so an isomorphism of K-groups
Proof. Since the map f defined in Lemma 8.4 is σ-equivariant, it induces ǎ
The map f 1 in (8.9) induces a map from NǦ ,Ȟ to NȞ and we can consider the fiber product If the map σ is an inclusion ofǦ inȞ, the natural map
is an isomorphism. We can identify NǦ ,Ȟ with the variety of pairs
satisfying h −1 vh ∈ x+NǦ via the map sending any element of (h, z) ofȞ ×NǦ to (hǦ, v = h(z + x)h −1 ). The latter map makes sense becauseǦ centralizes x. Thus the map f 1 (8.9) becomes the projection sending any element (hǦ, v) of NǦ ,Ȟ to v. In this case the leftȞ × G m -action on NǦ ,Ȟ is such that for any
Proposition 8.10. There is a natural isomorphism
and the R(Ȟ × G m )-module structure on the right hand side is defined by the functor
Proof. The scheme NǦ × NȞ NȞ classifies couples ((z, b 1 ), b) , where (z, b 1 ) lies in NǦ and b is Borel subalgebra in Lie(H) containing z + x. We define an action ofǦ × G m on NǦ × NȞ NȞ as follows: for any (g, s) inǦ × G m and any
.
By Lemma 10.2 in Appendix 10 we have anȞ × G m -equivariant isomorphism
Combining this with Proposition 8.8 we get the desired isomorphism.
In the rest of this section we will restrict ourselves to the case of G = GL n and H = GL m and we will describe some additional properties of the bimodule K(X ), namely a filtration and a grading on K(X ), where the graded parts will just be some equivariant K-theory of Springer fibers. We will always use the same notation for GL r and its Langlands dual over Q ℓ . In this setting we choose the morphism η to be the canonical inclusion of GL n into GL m . The map σ is obtained by the composition
where the last arrow is the inclusion of the standard Levi subgroup associated to the partition (n, m − n) of m and ξ corresponds to the principal unipotent orbit as in [3] . Then the restriction of the map ξ to G m is the cocharacter (0, . . . , 0, m − n − 1, m − n − 3, . . . , 1 + n − m). Let U 0 = k m be the standard representation of GL m , and {u 1 , . . . , u m } be the standard basis of U 0 . The element x = dξ(e) is a nilpotent element of Lie(GL m ) such that x(u i ) = 0 for 1 ≤ i ≤ n + 1 and that x(u i+1 ) = u i for n + 1 ≤ i < m. Let G 2 = GL m−n and B 2 be the unique Borel subgroup in G 2 such that x lies in Lie(B 2 ).
Let Z G 2 (x) be the stabilizer of x in G 2 . It acts naturally on NǦ × NȞ NȞ : for any y in Z G 2 (x) and any (z,
For any s in G m , the element ξ(s) clearly normalizes Z G 2 (x) and the semidirect product Z G 2 (x) ⋊ G m is a subgroup of G 2 . The group Z G 2 (x) ⋊ G m acts on NǦ × NȞ NȞ and this action commutes with theǦ-action.
Theorem 8.11. There exists aǦ × G m -invariant filtration
is a submodule over both affine extended Hecke algebras KǦ ×Gm ( NǦ × NǦ NǦ) and KȞ ×Gm ( NȞ × NȞ NȞ).
Moreover the spaces KǦ ×Gm (F i ) for 0 ≤ i ≤ r define a filtration on K(X ).
Proof. For anyǦ-orbit O on NǦ we denote by Y O the preimage of O in NǦ× NȞ NȞ under the projection
We refer the reader to [14, § 3.2] for details on nilpotent orbits and stratification of the nilpotent cone NǦ intoǦ-conjugacy classes and the stratification of the Steinberg variety ofǦ. The orbits
denote the standard Levi subgroup corresponding to this partition, namely
We denote by z θ the standard upper triangular regular nilpotent element in Lie(M θ ); z θ lies in the orbit O. Let Z θ be the stabilizer of z θ inǦ × G m , Z θ is connected. Denote by BǦ ,θ the preimage of z θ under the Springer map NǦ → NǦ. Let BȞ ,θ be the preimage of z θ + x under the Springer map NȞ → NȞ. We have an isomorphism
. Hence we have an isomorphism of groups
According to [37] the scheme BǦ ,θ and BȞ ,θ respectively admit a finite paving by affine spaces stable under the action of Z θ . Hence (8.12) is a free R(Z θ )-module of finite type.
We enumerate the nilpotent orbits
is closed in NǦ and we have a filtration
Let F j be the preimage of F j in NǦ × NȞ NȞ. We get aǦ × G m -invariant
We can refine the filtration F i in such way that the refined filtration beǦ×G mstable and the corresponding strata of the stack quotient of ( NǦ× NȞ NȞ)/(Ǧ× G m ) satisfy the assumptions of Lemma 8.13. Then by using this Lemma, we see that for each i the sequence
is exact and KǦ ×Gm (F i ), 0 ≤ i ≤ r define a filtration on K(X ). Moreover, for each i, KǦ ×Gm (F i ) is a submodule over both extended affine Hecke algebras KǦ ×Gm ( NǦ × NǦ NǦ) and KȞ ×Gm ( NȞ × NȞ NȞ).
The above proof relies on the following Lemma whose proof will now be given.
Lemma 8.13 (Cellular fibration). Let us consider the following general situation: k is an algebraically closed field of arbitrary characteristic and X is a k-stack of finite type equipped with a filtration
by closed substacks of X . Assume that for 1 ≤ i ≤ r there exists an affine space E i and a connected linear algebraic group P i such that
where E i /P i is the stack quotient. Then the natural sequence
is exact and K(F i ) is a free Z-module.
Proof. Let U i be the unipotent radical of P i and G i = P i /U i be the reductive quotient. Choose a section of the natural projection from G i to P i , it yields a map from E i /G i to E i /P i inducing an isomorphism (combined with Thom's isomorphism)
where R(G i ) denotes the representations ring of G i (which is a free Z-module).
One has an exact sequence
Let us show that the map δ vanishes. By [14, 5.2 .18], we have that
and by Thom's isomorphism for higher K-theory [14, 5.4 .17] we obtain that
. Now, by [38, Corollary 6.12] , K G i (Spec(k)) is isomorphic to k * ⊗ Z S, where S is a free abelian group generated by the irreducible representations of G i . By induction on i we may assume that K i (F i−1 ) is a free Z-module. To finish the proof note that for any free Z-module S, one has Hom Z (k * , S) = 0.
9.
Howe correspondence in terms of K(X ) for dual reductive pairs of type II Let G = GL n and H = GL m with n ≤ m. We have presented some motivation for the forthcoming conjecture in the introduction. Consider the Gronthendieck group of the geometric bimodule DP I H ×I G (Π(F ) ). The group K(DP I H ×I G (Π(F ))) is naturally a module over K(DP I G (Fl I G ) ). This K-group K(DP I H (Fl I H ))⊗Q ℓ is isomorphic to the Iwahori-Hecke algebra H I H . According to [19] 
such that the multiplication by s in H H corresponds to the cohomological shift by −1 in K(DP I H (Fl H )). Hence under these isomorphisms and KazhdanLusztig-Ginzburg isomorphism, K(X ) and K(DP I H ×I G (Π(F ))) are bimodules over the affine extended Hecke algebras H G and H H . Let us enounce the following conjecture:
Conjecture 9.1. The bimodules K(X ) and K(DP I H ×I G (Π(F ))) are isomorphic under the action of extended affine Hecke algebras H H and H G .
The principal result of this paper is the following theorem describing geometric Howe correspondence in terms of geometric Langlands functoriality for all dual reductive pairs (GL 1 , GL m ). The rest of the paper is devoted to the proof of Theorem 9.2. Let n = 1 and m ≥ 1 and let G = GL 1 and H = GL m , where we consider them as Langlands dual groups. The mapǦ × G m −→Ȟ is the compositioň
where the latter map is the inclusion of the standard Levi subgroup GL 1 × GL m−1 inȞ and ξ : SL 2 → GL m−1 corresponds to the principal unipotent orbit. In particular the inclusionǦ inȞ is the coweight (1, 0, . . . , 0) of the standard maximal torus ofȞ. The restriction of ξ to the maximal torus G m of SL 2 is the coweight (0, m − 2, m − 4, . . . , 2 − m) ofȞ. The element x = dξ(e) in NȞ is the subregular nilpotent element given by x(u 1 ) = x(u 2 ) = 0 and x(u i+1 ) = u i for all 2 ≤ i < m. 
This yields an isomorphism
To compute K(X ), we provide an explicit description of the Springer fiber BȞ ,x . Proof. Denote by
a complete flag on the standard representation U 0 ofȞ preserved by x. The vector space F 1 is a subspace of the vector space Ker(x) = Vect(u 1 , u 2 ). We have Vect(
. . , and finally the space F m is equal to x −1 (F m−1 ) = Vect(u 1 , u 2 , . . . , u m ) = U 0 . So we may identify V 1 with the projective space of lines in Vect(u 1 , u 2 ). The point p 2 is
and V 2 can be identified with the space of lines in
If F 2 is different from this subspace then the whole flag F i is uniquely defined. So the point p 3 of V 2 corresponds to F 2 = Vect(u 2 , u 3 ). If now F 1 = Vect(u 2 ) and 
This result combined with the Cellular fibration Lemma in [14, § 5.5] implies the following: Proposition 9.5. The K-group KǦ ×Gm (BȞ ,x ) is a free R(Ǧ × G m )-module of rank m. Moreover, the R(Ȟ)-module structure on KǦ ×Gm (BȞ ,x ) comes from
According to [14, Lemma 7.6 .2] the assignment sending T w to s ℓ(w) for w in W H extends by linearity to an algebra homomorphism
and it is known that the induced H H -module Ind 
where the first arrow is the Thom isomorphism [14, Theorem 5.4.16] , the map α is the canonical isomorphism
and the map β is given for any λ by β(e λ ) = e −λ .
There is a natural action of H H on KǦ ×Gm (BȞ ,x ) defined uniquely by the property that the inclusion of
Consider the diagram
KǦ ×Gm (BȞ ,x ), 6 6 where γ 1 sends T to ← H H (T , I 0 ), and γ 2 sends T to the action of T on the structure sheaf O of BȞ ,x . Note that γ 1 and γ 2 are surjective. We are now going to construct a morphism
which will be induced by γ 1 . One sees that γ 1 factors through the surjective
For proving Theorem 9.2 we are reduced to prove the following:
Proposition 9.8. There is a unique isomorphism of H H -modules J making diagram (9.7) commutative. The map J commutes with the H G -actions.
Note that if n = m = 1 then one has I H = H(O) and this proposition can be deduced from [31, Proposition 4] . If m = 2, we can also provide a quick proof of the proposition; in this case both K(DP I H ×I G (Π(F ))) and H H ⊗ H W H ǫ are free R(Ǧ × G m )-modules of rank 2, andγ 1 is an isomorphism.
We have seen in section 7 that the module K(DP I G ×I H (Π(F ))) is free of rank m over R(Ǧ × G m ). In the notation of this section, a basis of the group K(DP I G ×I H (Π(F ))) is given by the elements IC k for 0 ≤ k ≤ m − 1, and the action of R(Ǧ × G m ) is given on this basis in (7.10). Besides, according to Theorem 7.7, R(Ȟ) acts via Res σ . A part of these properties has been already proved for KǦ ×Gm (BȞ ,x ) in Proposition 9.5. In the sequel we will construct a basis of KǦ ×Gm (BȞ ,x ) and we will identify the action of H H on this basis and the basis IC k . The morphism sending one basis to another will be induced by γ 1 . Surprisingly the basis we will construct is not the canonical basis of Lusztig constructed in [30] .
We will use the polynomial representation of the affine extended Hecke algebra H H to describe the action of H H on this new basis that we will construct. This formula was discovered by Lusztig and was the starting point of the K-theoretic approach to Hecke algebras. The formulas (9.9) and (9.10) together completely determine the polynomial representation of H H . For λ dominant, the element e λ corresponds in the Iwahori-Hecke algebra to the function s −ℓ(λ) T t λ , where ℓ(λ) = λ, 2ρ H and T t λ is the characteristic function of the double coset I G t λ I G . Denote by ω i the coweight (1, . . . , 1, 0, . . . , 0), where 1 appears i times. For 1 ≤ i < m , denote by w i = t ω i σ i the element of length zero. The element w 1 is the generator of the group Ω H of length zero elements in W H ; for any i in Z, w i = w i 1 . In the extended affine Hecke algebra H H we have
Further we have ℓ(t ω i ) = ℓ(σ i ) = ω i , 2ρȞ = i(m − i) and this gives (9.11)
and (9.12)
Till now we have described the action of the Wakimoto objects and the elements of length zero. We are going to compute the action of the simple reflections s i = (i, i + 1) and the affine simple reflection s m = t λ w 0 , where λ = (−1, 0 . . . , 0, 1) and w 0 = (1, m) is the longest element of the finite Weyl group of H. For
For any integer j in Z set s j = s j+m and rewrite the above formulas all together as
Thus, for all i and j in Z,
For any cocharacter µ we have w i t µ w −1 i = t σ i (µ) and we get
Proposition 9.13. In the polynomial representation the element T sm acts on 1 by (s 2 − 1) + s 2(m−1) e ξ+ω 1 , where ξ = (0, 0, . . . , 0, −1).
Proof. Since T sm = T −1 w 1 T s 1 T w 1 , we get using (9.12) :
Let α i = (0, . . . , 0, 1, −1, 0 . . . , 0) and µ i = (0, . . . , 0, 1, 0 . . . , 0), where 1 appears on the i th place. Then
Thus, (9.14)
, then ξ is a dominant character, and we have
Finally we have to compute
On one hand the reduced decomposition of σ In order to prove Proposition 9.8 we have to study the H H -module structure of KǦ ×Gm (BȞ ,x ) and compare this action with the results obtained (7.10). Now let us construct the desired basis of KǦ ×Gm (BȞ ,x ). Denote by L λ the line bundle on BȞ corresponding to coweight λ of H as in [14, §6. 
We apply this formula to L ω k . Note that :
Hence we get: According to (9.12), we have
Hence the action of length zero elements on the basis is compatible with their action on {IC 0 , . . . , IC m } in §7, (7.10). Now we will compute the action of the affine simple reflection s m . Let λ be the cocharacter (−1, 0 . . . , 0, 1) , and consider the associated line bundle L λ (resp. E) on BȞ ,x whose fiber over a flag 
Appendix
Let k be an algebraically closed field of characteristic zero. Let G be a linear algebraic group over Q ℓ . Denote by R(G) the representation ring of G over Q ℓ . By equivariant K-theory on a scheme or a stack we always mean K-theory of G-equivariant coherent sheaves. For more details we refer the reader to [ 
, and denote the result by p
The projection p 13 : Z × X Y × X Y → Z × X Y is proper, and we obtain the convolution product of F and L denoted by Proof. The isomorphism is furnished by the H-equivariant map
(h, (y 1 , u)) →((h, y 1 ), hu)
For g in G, this map is given by (hφ(g), (g −1 y 1 , φ(g) −1 u)) → ((hg, g −1 y 1 ), hu).
It is H-equivariant isomorphism and yields the desired isomorphism (10.3).
